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ABSTRACT
In this paper, we present two general representations for the weighted generalized
inverse A, , which extends earlier results on the Drazin inverse A, group inverse
A, and usual inverse A™. The first one concerns with the matrix expression involving
Moore-Penrose inverse A*. The second one holds on the Kronecker products of
two and several matrices. Furthermore, some necessary and sufficient conditions
for Drazin and weighted Drazin inverses are given for the reverse order law
(AB), =By A, and (AB),; =B, Ay to hold. Finally, we apply our result to

present the solution of restricted singular matrix equations.
Keywords: Kronecker Product, Weighted Drazin Inverses, General algebraic

structures, Index. Nilpotent matrix.
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INTRODUCTIONAND PRELIMINARY RESULT

One of the important types of generalized inverses of matrices is the weighted Drazin
inverse, which has several important applications such as, applications in singular
differential, difference equations, Markov chains, statistical problems, control system
analysis, curve fitting, numerical analysis and Kronecker product systems [e.g., 4, 7,

9, 13, 15, 16, 17]. Here we use the following notations. Let M, be the set of all
matrices over the complex number field £ and when m=n , we write M_ instead of

M, - For matrix AeM let A* be the conjugate transpose of A and rank(A) be the

mn !

rank of A. If A€M _is a given matrix, then the smallest non-negative integer k such
that

rank(A*1) = rank(A¥) 1)

is called the index of A and is denoted by Ind(A)=k .
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It is well known that the Drazin inverse (DI) of Ae meith Ind(A)=k is defined

to be the unique solution X € M, satisfying the following three matrix equations:

AXA = AY XAX = X, AX = XA (2)
and is often denoted by X = A,. Note that the first equation in (2) can be written as

AKX = AK. In particular, when Ind (A)=1, the Drazin inverse of Ae Mm is called

the group inverse of A, and is often denoted by A , but when Ind(A)=0 and AeM i
is a non-singular matrix, then A, =A™
Wang [13] gave that for Ae Mm with Ind(A) =k,

AC(A)) A = A (A AT (A) = (A AY(A) = (A) A" ©)

By the uniqueness of the DI, we have
(A9, = (A" (4)

For more properties concerning Drazin inverses, see [e.g., 3, 4, 10, 14].
Cline and Greville [5] extended the Drazin inverse of square matrix to rectangular

matrix and called it as the weighted Drazin inverse (WDI). The WDI of A€ M with

respect to the matrix W e M, is defined to be the unique solution X € M of the
following three matrix equations:

(AW)IXW = (AW)5, XWAWX = X, AWX = XWA (5)
where
k= max {Ind(AW), Ind (WA)} (6)

and is often denoted by X = A . In particular, when A€M ~andW =1, then A
reduce to A, i.e., Ay=A . If Ae M _isnon-singular square matrixand W = 1, itis

easily seen that Ind(A) = 0 and A, = A, = A satisfies the matrix equations (5).
The properties of WDI can be found in [e.g., 8, 18, 19]. Some notable properties

are: If Ae M with respect to the matrix W € M, - and k =max {Ind(AW), Ind(WA)},
then:

L A= A (WA = {(AW) ) A (7)
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i ALW= (AW),, WA, = (WA), 8)

il WAWA,, = WA(WA),, A, WAW = (WA), AW ©)

iv. One closed-form solution of A, for a rectangular matrix AeM

lim (AW)I+2+C¥2|)71(AW)IA if 1>k

Ao llim Ay WY@t it 12k 10

a—0
The Moore-Penrose inverse (MPI) is a generalization of the inverse of non-singular
matrix to the inverse of a singular and rectangular matrix. The MPI of amatrix Ae M .

,n

is defined to be the unique solution X € M, of the following four Penrose equations:
AXA = A, XAX =A , (AX)* = XA , (XA)* = XA (11)

and is often denoted by X = A*.

Note that if Ae Mmis non-singular matrix, then A+ = A*. Regarding various
basic properties concerning MPI, see [e.g., 2, 3, 4, 10].

The general algebraic structures (GAS) of the matrices AeM W eM A",

m

W+, and Ay, € M . with k = max{Ind(AW),Ind(WA)} are (see [e.g., 4,19,20,21]):

A 0 on oM 0 . oAl 0]
RN T L I S

W' 0 W,AW,)™" 0]
W+ =L 11 -1 =L 117117711 1
[ 0 O}Q o A [ 0 0 Q (13)
where L,Q,A W, are non-singular matrices, andA,,, W,,,A, W, WA, are nilpotent

matrices (A matrix Ae M ) is called nilpotent if A* = 0 for some positive integer k).
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In particular, when Ae Mn with Ind(A) =k, W=1_ and L = Q, then we have

A:L{Al O}Ll’ Ad{AulO}Ll

0 A, 00 1)

where L and A, are non-singular matrices, and A, is a nilpotent matrix.
Greville [6] first studied the reverse order law for the Drazin inverse of the

product of two matrices Aand B M . He proved that (AB), = B A, holds under the

condition AB = BA.

Tian [12] gave a necessary and sufficient condition for the reverse order law
(AB), = B A, by using a rank identity. A similar result for reverse order law for Drazin
inverse of general multiple matrix product was presented by Wang [14] as follows: Let

Aand Be M, be given with k=max {Ind(A), Ind(B), Inx(AB)} . Then
(AB),=BA, (15)

if and only if

(-D"(ABY** 0 0 (AB)

0 0 A2k+l Ak
rank 0 A rank (A*) + rank (B*) + rank ((AB)¥)
(AB) B* 0 0

(16)
Finally, the Kronecker product of A= [aij} eM,,and B= [bkI ] eM,, isgiven by

A®B = [a” BL eM_ an

where aijB eM o is the ij - th block .

For any compatible matrices A, B, C and D; and any real number r , we shall make
frequent use of the following properties of the Kronecker product (see
[e.g.,1,2,7,11,22]):

i. If AC and BD are well defined, then.
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(A®B)C®D)=AC®BD (18)

ii. If Aand B are square positive (semi) definite matrices, then

(r®B | =A ®B" (19)

iii. rank (A®B)=rank (A)rank(B) (20)

iv. Vec (AXBT) = (B ® A) Vec (X) (21)
where

Vec(X) = [xll...xmlxlz...xmz...xlm...xmnJr (22)

denotes vectorization by columns of arbitrary matrix X € M |

v. If A and B are nilpotent matrices,then A® B is nilpotent matrix

vi. If A and B are unitary matrices, then A® B is unitary matrix.

In this paper, some new matrix expressions involving the three kinds of generalized
inverses of the Kronecker products matrices are established. In addition, by using the
general algebraic structures of matrices (GAS), the necessary and sufficient conditions
for Drazin and weighted Drazin inverses are also given for the reverse order laws
(AB), =B, and (AB),, = B, .A,,, tohold. Finally, we apply our result to present the

d,R" dw

solution of restricted singular matrix equations (WAW) X (RBR)" = C .

MAIN RESULT
Observe that, in general, if Aand B € M, are nilpotent matrices, then AB need not be
nilpotent. As an example, let

01 00
A: 'B =
ML
. . . . 1 0/,
It is easy to verify that A and B are nilpotent matrices, but AB = 00 is not

nilpotent, because (AB)* = AB =0 for all positive integer k . This observation is
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important to give a nilpotent condition when we use the GAS of matrices under usual
product as follows:

Theorem 1 : Let

R 0 Z. 0
R=1L| ) ,zzl{ 1 } -1
O R2:|L 0 ZZZ L

2
(24)
be the general algebraic structures, respectively, of A, B, W,Rand Z € Mn with k =

max {Ind(AW), Ind(WA) , Ind(BR), Ind(RB), Ind(ABZ), Ind(ZAB)}. Then
(AB),, =B, A (25)

R dw

if and only if A is a nilpotent matrix and

22822
-1 1 _ L
(RllBllRll) (\N11A11W11)> - (leAllBllzll) (26)
Or equivalently
R'B 'R W AW =z "B A 'z 27)
11 11 11 11 11 11 11 11 11 11

Proof : The GAS of A,B,W, R and Z in the assumptions assure that A, B.,, W,,, R,
Z, and L are non-singular matrices, and A, B,,, W,,, R,, and Z,, are nilpotent.
Then it is well known that the GAS of A, and B, are given by

(WA W) & 0f RB.R.)0]
Ai,W:L[ O 0 L ’ Bd,R:L ( 1 l(:)LRll) 0 |_1 (28)

Computation shows that

BirAsw =L l:( RuByuRy, )_l (W11A11W11 )_l 0} L

0 0 (29)

114 Malaysian Journal of Mathematical Sciences



Some Topics on Weighted Generalized Inverse and Kronecker Product of Matrices

1-11 0 -1 le 1 lzll - 0 -1
(AB),LZ{L{'A“OB1 AZZBJL ]d :L[( Allzl ) O}L (30)

if and only if A

and

,,B,, IS a nilpotent matrix. It is clear from (29) and (30) that

(AB),, = By A

dR “dw

if and only if A is a nilpotent matrix and

22822
RBR )W AW =@z ABZ |
11 11 11 11 11 11 11 11 11 11
This completes the proof of Theorem 1. W
If we set W=R=2Z=IinTheorem 1, we obtain the sufficient and necessary
condition for the reverse order of Drazin inverse as follows.

Corollary 1 Let

A=L A 0 L', B=L B, 0 L!
0 A ’ 0 B
22 22

be the GAS of Aand B e Mn , respectively, with k = max {Ind(A), Ind(B), Ind(AB)}.

Then
(AB), = BA,

if and only if A_B,, is a nilpotent matrix.
Now, we can also apply the GAS in order to find a new representation of WDI as
follows:

Theorem 2: Let Ae M, and W e M such that A W, and W_A _ are nilpotent
’ n,m

n 22722 22" 22

matrices of index k in GAS form. Then the WDI of A with respect to the matrix W can
be written as matrix expression involving MPI by

A = {(AWY[(AW)™]' (AW W (31)
where k= max {ind(AW), Ind(WA)}.

Proof: Due to the GASof A, A"W,W* and A, there exists non-singular matrices

L, A,and W, , and nilpotent matrices A,, and W,, such that

n

_ A, 0 -1 _ W, 0 =) +_ Woilo -1
A‘L{O AJQ =gy, o _Q[o O}Q /
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Since A_W.__and W_ A are nilpotent matrices of index k, then (A_W.,)* =0, and it is

22722 220 22
easy to show that

kK _ (A11W11)k 0| 4 2k+1 (Awll) 1]
(AW)—L{ i O}L,[(AW) |- { ; O}

Computation shows that

{aw ) [aw pe (aw o
_ {(AMVOVM 8} {(AMWSV“ g} {(Anvovn)* ﬂ {Wéﬁ 8}‘?

_ L|:(A11W11}(A11W11 Zkil(AnWll Wlll 0:|Q_l

-1
_ L{ AMWM W O}Q .

0|~
L 11 11 11 Q

= A

d,w

This completes the proof of Theorem 2. W

If Ais a square matrix with Ind(A) = k and set W =1_in Theorem 2, we obtain the
following corollary which is given by Wang [14]:

Corollary 2 Let Ae anith Ind(A)=k , then

Ad — Ak <A2k+l)+ Ak (32)
Theorem 3 Let Ae Mm,n,W € Mn‘m’B eM . and Re Mq , be matrices with
k, =max{Ind (AW ), Ind(WA)}k, = max{Ind (BR), Ind (RB)}

Also, let Z=W ®R and k = max {k k,}. Then
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i. Ind {(A®B)Z}=k (33)
i. (A®B),, =A, ®By, (34)
Proof: i. By assumptions, we have

rank(AW)* = rank (AW )** rank(BR)* = rank (BR)**"

From properties of Kronecker products, we have

rank{(A®B)Z}" = rank{(A®B)(W ®R)} = rank{AW ® BR}'

=rank {AW}" rank {BR}'
Similarly,
rank {(A® B)Z}r+l = rank{AW}”l rank {BR}"™* .
It is obvious that the smallest non-negative integer such that
rank {(A® B)Z}r+1 = rank {(A®B)Z}’
is k = max {kk,} . Hence (33) is true.
ii. Let X=A,®B,; and Z=W ®R . From properties of the Kronecker product

and (5) we have

(A®B)z)"™ xz =((A®B)(W ®R))™ (A, ®B,.)(W ®R)

=((AW)“* A, W) ®((BR)"" B, 4R

=(AW)" ®(BR)" =(AW ®BR)" =((AG B)(W ®R))’

={(A®B)z}" (35)
XZ(A®B)ZX =(A;, ®B,; )(W®R)(A®B)(W ®R)(A,, ®B, ;)

= (A, WAWA, ,)® (B, ;RBRB, ;)= A, ®B, (36)

= X.
(A®B)ZX = (A®B)(W®R)(A,, ®B,,)

AWA, , ® BRB, , = A, WA® B, .RB

(A ®B, 5 )(WOR)(A®B)

= XZ (A®B) (37)
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From (35)-(37) we can obtain (34) immediately. =

If Aand B are square matrices with Ind(A) =k, and Ind(B) = k,, respectively, and
setW=1_andR=1_inTheorem 3 we obtain the following corollary which is given by

Wang [13]:

Corollary: 3 LetAe M and B e M with Ind(A) =k, and Ind(B) = k,, respectively.

Then
Ind{(A® B)}=max{k,k,}

and
(A® B)d = A, ®B,
More particularly, if Ind(A) = Ind(B) = 1, then we have

(A®B) =A ®B,

Corollary: 4 Let A €M ;i and Wi e M, . (1<i<r,r>2) be matrices with

k =max{Ind (AW,), Ind (WA )},i=12,...r.

o (o0}

and (£{®A)dvz =i{®(’¥)w

Then

where k = max {k;,k,,...k } and z =11, ®W,. In particular,

i if AeMgand W, =1, (1<i<kk>2), we then have

Ind (ﬁ@/ﬁj: k
and

(E@A)d ~119(A),

where k = max {Ind (A), i = 1,2...,r}
ii. if Ind(A)=Ind(A,)=...=Ind(A )=1, we then have

[Q®A]9=§®(A)g
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Proof
The proof of (41) is by induction on r . The base case (when r = 2) has been established
in (33) of Theorem 3. In the induction hypothesis, we assume that

e o) -vefom

o} -

= Ind {iﬁl® AWi}

Now

= Ind {(:ﬁi® AWij®(AWr)}

=max{y,k, } = max{k;k,,...k } =k

The proof of (42) is also by induction on r. The base case (when r=2) has been
established in (34) of Theorem 3. In the induction hypothesis, we assume that

r-1 r-1
(Mea) — -Tie(A),
d Il Few, -

Now

r r-1
o), [l
=1 d,z = d. e w,

The proof of three special cases in (43)-(45) are straightforward. ®
One of the important application of Theorem 3 is that the weighted Drazin inverse of
Kronecker product arise naturally in solving the so-called restricted singular matrix
equations (RSME) as follows.

Theorem 4: Let AeM_  WeM, ,BeM,  ,ReM, and CeM, be given constant

matrices and X e Mm,p be an unknown matrix to be solved. Also, let
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L=R®W,k =Ind((B®A)L),k,=Ind(L(B®A)) (46)
such that
r(B®A)L)" =r(L(B®A))® ,VecC e R(L(B®A))“ VecX eR((B®A)L)"

(47)
Then the unique solution of the following RSME
(WAW ) X (RBR)' =C (48)
is given by
X = AH,WCBJ,R (49)
Proof
Using identity (21) it is not difficult to transform (48) into the vector form as:
(L(B®A)L)VecX =VecC (50)

It is easy to verify under conditions (47) that the unique solution of (50) is
VecX =(B® A),  VecC =(B,, ® A, )VecC
=Vec(A;,,CBl ;)
which is the required result.

An important particular case of Theorem 4 is that whenm =n, p=q, W=1_and
R=1,we obtain the following corollary:

Corollary 5 : Let AeM,,BeM and CeM, = be given constant matrices and

X € M, , beanunknown matrix to be solved. Then the unique solution of the following
RSME

AXB" =C:VecC, VecX eR(B®A) ,k=1Ind(B®A) (51)
is given by
X = ACB; (52)
CONCLUSION

In this paper, we have presented two general representations for weighted Drazin
inverse related to Moore-Penrose inverse and Kronecker product of two and several
matrices. These representations are viewed as a generalization of Wang's results in
[13, Lemma 1.1, and 14, Theorem 2.2]. Furthermore, some necessary and sufficient
conditions for Drazin and weighted Drazin inverses are given for the reverse order law

(AB),=B A, and (AB)d’Zm = By g Ay.w to hold. Although the results are applied to solve
the restricted singular matrix equations, the idea adopted can be easily extended to

120 Malaysian Journal of Mathematical Sciences



Some Topics on Weighted Generalized Inverse and Kronecker Product of Matrices

solve the coupled restricted singular matrix equations. It is natural to ask if we can
extend our results to the Minkowski inverse in Minkowski space. This will be part of
future research.
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